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We present a theoretical study of the influence of dephasing on shot noise in an electronic MachZehnder interferometer. In contrast to phenomenological approaches, we employ a microscopic
model where dephasing is induced by the fluctuations of a classical potential. This enables us
to treat the influence of the environment’s fluctuation spectrum on the shot noise. We compare
against the results obtained from a simple classical model of incoherent transport, as well as those
derived from the phenomenological dephasing terminal approach, arguing that the latter runs into
a problem when applied to shot noise calculations for interferometer geometries. From our model,
we find two different limiting regimes: If the fluctuations are slow as compared to the time-scales
set by voltage and temperature, the usual partition noise expression T (1 − T ) is averaged over the
fluctuating phase difference. For the case of “fast” fluctuations, it is replaced by a more complicated
expression involving an average over transmission amplitudes. The full current noise also contains
other contributions, and we provide a general formula, as well as explicit expressions and plots for
specific examples.
PACS numbers: 73.23.-b, 72.70.+m, 03.65.Yz

I.

INTRODUCTION

A large part of mesoscopic physics is concerned with
exploiting and analyzing quantum interference effects in
micrometer-size electronic circuits. Therefore, it is important to understand how these interference effects are
diminished by the action of a fluctuating environment
(such as phonons or other electrons), both in order to
estimate the possibilities for applications of these effects as well as for learning more about the environment itself. This holds for “bulk” effects such as universal conductance fluctuations and weak localization,
but also for interference in microfabricated electronic interference setups, such as various versions of “doubleslit” or “Mach-Zehnder” interferometers, often employing the Aharonov-Bohm phase due to a magnetic flux
penetrating the interior of the interferometer. In recent years, many studies1–7 have been performed to learn
more about the mechanisms of dephasing and the dependence of the dephasing rate on parameters such as temperature. One very delicate issue in the analysis of these
experiments is the fact that the “visibility” of the interference pattern can also be diminished by thermal averaging, when electrons with a spread of wavelengths (determined by voltage or temperature) contribute to the current. Recently, an ideal single-channel electronic MachZehnder interferometer has been realized experimentally
for the first time8 . The arms of the interferometer have
been implemented as edge channels of a two-dimensional
electron gas in the integer quantum hall effect regime.
Besides measuring the current as a function of voltage,
temperature and phase difference between the paths, the
authors also measured the shot noise to be able to distinguish between mere “phase averaging” and genuine de-

phasing. Although the interpretation of the experimental
results still remains unclear to some extent, the idea of
using shot noise to learn more about dephasing is a very
promising one, as it connects two fundamental topics in
mesoscopic physics.
Most theoretical works on dephasing in mesoscopic
interference setups are concerned with its influence on
the average current only (see Refs. 9–14 and references
therein). Nevertheless, in some works15 , the effects of dephasing on shot noise have been studied, employing the
phenomenological “dephasing terminal” approach15–19 ,
where an additional artificial electron reservoir randomizes the phase of electrons going through the setup. However, this approach does not include any information
about the power spectrum of the fluctuations in the environment, which, from other studies, is known to play an
important role in discussions of dephasing. Therefore, in
the present work, we have set ourselves the task to analyze the effects of dephasing on the shot noise in a model
that incorporates the fluctuation spectrum.
Apart from that, the model is deliberately chosen as
simple as possible: The case of a true “quantum bath”
will not be treated here. It is the case relevant for lower
temperatures and higher voltages, when dephasing is produced primarily by spontaneous emission of energy into
the bath. This case immediately leads to a many-body
problem where the Pauli principle plays an important
role. Instead, we will consider a Mach-Zehnder setup
(Fig. 1) where the electrons are subject to the fluctuations of a classical noise field11 (transmission phases become a Gaussian random process in time). This describes
the case of noisy nonequilibrium radiation impinging on
the system, as well as the effects of the classical part
of the noise spectrum of a quantum-mechanical environ-
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ment, which should dominate at higher temperatures.
The advantage of a classical noise field is that we still
can use a single-particle picture. We will also compare
and contrast our results with those obtained either from
a very simple classical model of dephasing or the dephasing terminal. Regarding the dephasing terminal, we will
argue that its application to shot noise in interferometer
geometries is most likely plagued with a certain problem
that artificially changes the shot noise result. To the best
of our knowledge, the work presented here is the first microscopic analysis dealing with the effects of dephasing
on shot noise in any electronic two-way interferometer
geometry. This study provides the basis for dealing with
the influence of time-varying potentials on the shot noise
in other two-way interferometer geometries, as well as
for extensions to the case of a true quantum-mechanical
environment.
We will demonstrate that the results depend strongly
on whether the environmental fluctuations are fast or
slow with respect to the timescales set by voltage and
temperature. In the “slow” case, the shot noise merely
becomes equal to the phase-average of the usual partition noise expression20 , while the expression for the
other limit is more complicated than that. A brief discussion of a part of the results has already been presented elsewhere21 . Recently, an analysis of dephasing in
a mesoscopic resonant-level detector has been carried out
along similar lines, including the effects on shot noise22 .
Our work is organized as follows: After discussing the
reduction in visibility of the current interference pattern
(Sec. II), we explain the basic idea behind using shot
noise as a tool to distinguish genuine dephasing from
mere phase averaging (Sec. III). The influence of dephasing on shot noise is then derived both for a simple classical model (Sec. IV) and from the dephasing terminal
approach (Sec. V). Both of these models are phenomenological, and we explain why we believe there is a problem
with the dephasing terminal approach, as applied to shot
noise calculations in interferometer geometries (Sec. VI).
Then we turn to the model of dephasing by a classical
fluctuating potential (Sec. VII), which permits to take
into account the power spectrum of the environment, in
contrast to the other approaches. We will discuss the
general current noise formula (Eqs. (40),(41)), as well as
limiting cases (Sec. VII D) and plots for special examples
(Sec. VII F). Finally, we will compare the results of the
various different models and regimes (Sec. VIII).

II.

VISIBILITY

The transmission probability (and thus the current) is
determined by squaring the sum of transmission amplitudes related to the two arms of the interferometer:

I ∝ |AL |2 + |AR |2 + A∗L AR eiδϕ

ϕ

+ c.c.

(1)

The term A∗L AR may contain a fixed Aharonov-Bohm
phase factor, as well as a phase factor exp(ikδx) related to a possible path-length difference between the
two arms. In addition, there may be an extra fluctuating
phase difference δϕ, due to the action of an environment.
The average over the phase factor exp(iδϕ) results in a
decrease of the interference term. Thus, the visibility of
the interference pattern,
(Imax − Imin )/(Imax + Imin ) ,

(2)

is reduced from its optimal value of 1, which it can reach
for symmetric beam splitters with |AL | = |AR | (here
Imax = maxφ I(φ)).
However, a finite path-length difference δx can have
the same effect: It gives rise to an additional factor
exp(ikδx) in the interference term, which has to be averaged over a range of k-values determined by voltage and
temperature (we will call this “thermal averaging”, for
brevity). This also decreases the visibility upon increasing voltage or temperature.
Therefore, on the level of the average current, dephasing cannot be distinguished easily from thermal averaging, and the qualitative dependence of these two effects on voltage V or temperature T is generally similar.
Nevertheless, a striking difference appears in a more detailed analysis of the dependence on V : The average of
exp(ikδx) does not simply decrease with increasing bias
voltage, but shows an oscillatory behaviour. Let us illustrate this briefly in the special case of T = 0, when the
electrons contributing to the current are injected from
the input reservoir in a voltage window corresponding to
a box-distribution of k-values (k ∈ [k̄ − δk/2, k̄ + δk/2]).
Then we get

hexp(ikδx)ik = eik̄δx

sin(δkδx/2)
,
δkδx/2

(3)

which is an oscillatory function that yields zero visibility
at all bias voltages where δkδx is an integer multiple of
2π. Finite temperatures will diminish the average further
without destroying the oscillations. Such an effect, if
present, should be easily confirmed in an experiment. In
addition, both the voltage-dependent phase-shift k̄δx of
the interference pattern (cf. Eq. (3)) and the period
of the oscillation in the visibility are determined by δx,
which could be used as a consistency check.
No such oscillations in visibility have been reported
in the Mach-Zehnder experiment8 . This could be taken
as a strong hint for the importance of genuine dephasing, provided our idealized model applies. Note that the
voltage-dependence of the visibility plotted in Ref. 8 was
not obtained by simply measuring at different bias voltages. Instead, a dc-voltage was increased while measuring the ac-current flowing due to a small ac-modulated
voltage on top of the dc bias. Ideally, the visibility of
the ac signal should not decrease with dc-voltage, if the
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supression of the interference term were not affected by
dephasing but only by thermal averaging. The actual
observation of a decrease in visibility could therefore be
interpreted as another sign ruling out thermal averaging.
Unfortunately, one cannot be sure that the change of
bias voltage does not affect the transmission amplitudes
themselves23 , and this in turn could mean that the ac
visibility is affected by electron transmission in a wider
range of wavelengths. Thus no firm conclusions can be
drawn from the reported measurements of the voltage
dependent visibility.
III.
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SHOT NOISE AS A MEASURE OF
DEPHASING: BASIC IDEA

Shot noise represents another, potentially more powerful way to distinguish simple thermal averaging from
dephasing, as pointed out in Ref. 8. The basic idea is
that the partition noise ∝ T (1 − T ) is nonlinear in the
transmission probability T , such that results depend on
whether averaging is performed before or after calculating this expression. Thermal averaging of the independent shot-noise contributions from different k amounts
to an expression of the form
hT (1 − T )ik .

(4)

An analogous expression is expected to hold if some parameter fluctuates slowly from run to run of the experiment, with averaging over this parameter. In contrast,
the interpretation of Ref. 8 assumed that dephasing leads
to partition noise of the form
hT iϕ (1 − hT iϕ ) ,



(5)

where hT iϕ denotes the transmission probability whose
interference term is already suppressed (partially) due to
dephasing.
In the special case of zero visibility and 50% transmission of the first beamsplitter (TA = 1/2), the shot
noise depends on the transmission of the second beam
splitter, TB , only in the case of thermal averaging8, Eq.
(4), whereas the dephasing expression, Eq. (5), becomes
independent of TB . In the next section, we will show
that Eq. (5) can be obtained by generalizing the result
of a phenomenological classical model for shot noise of
incoherent electrons.
On the other hand, it is clear that the ansatz (5) cannot hold in all parameter regimes: In particular, if the
environment-induced fluctuations of the phase are sufficiently slow, we would expect that their effect will be
just the same as that of thermal averaging (or that of
slowly fluctuating parameters fluctuating), leading to a
formula similar to Eq. (4). We may view the current as
being composed of a stream of wave packets entering the
interferometer, each of them of a temporal width equal

Figure 1: (Color online) A simple classical model for the
fully incoherent case: Electrons impinging regularly onto the
Mach-Zehnder interferometer and making classical stochastic
choices at both beam splitters.

to the correlation length, i.e. min(1/kB T, 1/eV ). After
the final beam splitter, the probability weights of the two
parts of the wave packet are determined by the phase difference between the two interfering paths L and R. If the
fluctuations of this phase happen on times much shorter
than the temporal extent of the packet, the probability of
detecting the particle in either output port will be 50/50
, for each packet that enters the interferometer (in a symmetric setup, with large fluctuations of the phase, leading
to zero visibility). This situation is depicted in Fig. 5. On
the other hand, if the fluctuations are slow compared to
this time scale, then each packet sent through the setup
will feel a fixed (but random) phase, such that the effects (also in terms of shot noise) are indistinguishable
from thermal averaging. This will be confirmed by the
microscopic model of section VII.
IV.

PHENOMENOLOGICAL CLASSICAL
MODEL

We start from a classical model for shot-noise in a completely incoherent electronic Mach-Zehnder interferometer setup (see Fig. 1), because this is related to the interpretation provided in Ref. 8.
For simplicity, we consider a Mach-Zehnder setup at
T = 0, with a voltage V applied between the source 1
and the other terminals. A heuristic model24 for shot
noise calculations consists in assuming the source emitting electrons in regular intervals of frequency eV /h. It is
well-known that this model yields the correct quantummechanical result for the partition noise of a single barrier, when the variance of the number of transmission
events is calculated. We now extend this to the case of
full decoherence by using classical probability theory to
describe the stochastic choices the electron makes at each
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Figure 2: (Color online) The Mach-Zehnder interferometer
setup considered in the text: At beam splitters A and B the
electrons are transmitted with amplitudes tA,B . The fictitious
reservoir ϕ serves as a “dephasing terminal”. The coherence
parameter z denotes the amplitude for an electron to be reflected at the beam-splitter connecting the left arm of the
interferometer to the reservoir ϕ (thus z = 1 for fully coherent transport).

of the two beam splitters (instead of squaring the complex transmission amplitudes through the full device).
We consider the current I3 at the ouput terminal to
be a dichotomous random number (0 or 1), whose value
depends on whether the given electron reaches the output
port 3. We obtain:
hI3 i = TA TB +RA RB ≡ hT iϕ , δI32 = hT iϕ (1−hT iϕ ) ,
(6)
where δI3 = I3 −hI3 i, denoting the fully incoherent transmission probability by hT iϕ . This simple model therefore agrees with the ansatz considered in Eq. (5), in the
fully incoherent limit. Unfortunately, the generalization
to arbitrary partial coherence cannot be made within the
present classical model.

well as its fluctuations have to be chosen appropriately
to fulfill this condition.
We assume the dephasing terminal ϕ to be attached
to the left interferometer arm (without loss of generality,
see below). The arms are treated as chiral edge channels
(see Fig. 2). The amplitude for an electron to move on
coherently, without entering the reservoir, is assumed to
be z ∈ [0, 1]. When an electron enters the reservoir with
probability 1 − z 2 , it “loses its phase” and is re-emitted
afterwards. In this way, z describes the coherence, with
z = 1 corresponding to fully coherent transport and z = 0
to the completely incoherent case. The amplitude for an
electron to go from reservoir β into reservoir α is denoted by the scattering matrix amplitude sαβ . Assuming backscattering to be absent at the beamsplitters, the
setup of Fig. 2 yields the following S-matrix amplitudes:
s3ϕ = irB eiφ

p
1 − z2 ,

p
s31 = tA tB + zrA rB eiφ , sϕ1 = irA 1 − z 2
p
s32 = rA tB + ztA rB eiφ , sϕ2 = itA 1 − z 2

(7)

and sϕϕ = z, s33 = sϕ3 = s2ϕ = s1ϕ = 0. Here tA , rA
and tB , rB are transmission and reflection amplitudes
at the beam splitters A and B (with |rj |2 + |tj |2 = 1
and rj∗ tj = −rj t∗j ). The total phase difference φ between the two paths is assumed to include both a possible Aharanov-Bohm phase, φAB , as well as the effect
of unequal path lengths, kδx (which makes φ energydependent). Note that, within this model, there is no
extra “fluctuating phase difference” δϕ, since dephasing
is already included phenomenologically by the presence
of the dephasing terminal.
The current flowing out of reservoir α at energy E and
time t is given by (note ≡ 1)



Iα (E, t) =

X
e
(fα −
|sαβ |2 fβ ) + δIα ,
2π

(8)

β

V.

DEPHASING TERMINAL APPROACH

In this section, we analyze shot noise for a one-channel
Mach-Zehnder setup, employing the dephasing terminal
approach15–19 . This will enable us to treat the case of arbitrary visibility, although it is still not possible to incorporate the spectrum of environmental fluctuations (see
Section VII). As we will see, the dephasing terminal
model leads to a shot noise expression which, in general,
differs both from hT (1 − T )i and hT i (1 − hT i).
Our aim is to calculate the noise of the output current at terminal 3 of the interferometer shown in Fig. 2.
The basic idea behind the dephasing terminal is to mimick the effects of dephasing on transport in a mesoscopic
conductor by attaching a fictitious extra reservoir to the
setup15–19 . In order to correctly describe pure dephasing, it is essential to force the current into this dephasing
terminal to vanish at each energy and instant of time.
Both the average electron distribution in the terminal as

where δIα denotes the original current fluctuations (at
E, t) calculated in the absence of any additional fluctuations of the distribution functions fα (see below).
Following the calculation of Ref. 19, we demand the
current flowing into the dephasing terminal ϕ to be zero
at each energy and point in time, including its fluctuations. By solving the equation Iϕ (E, t) ≡ 0 for fϕ , we
obtain:

X

−1
2π
fϕ = − δIϕ +
|sϕβ |2 fβ  1 − |sϕϕ |2
.
e


(9)

β6=ϕ

The current fluctuations δIϕ on the right hand side
determine the required fluctuations δfϕ of fϕ (E, t) =
δfϕ (E, t) + f¯ϕ (E).
Inserting f¯ϕ = RA f1 + TA f2 with TA = |tA |2 , RA =
1 − TA into the averaged Eq. (8), we obtain the energyintegrated average current at the output port α = 3:
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e
I¯3 =
2π

Z

dE [f3 − f1 hT1 i − f2 hT2 i] ,

(10)

where the probabilities of transmission from terminals
1 and 2 to terminal 3 are denoted by hT1 i and hT2 i.
The notation hTj i is chosen to signal that these transmission probabilities are already affected by dephasing:
They contain an interference term which is multiplied by
the amplitude z of coherent transmission:
hT1 i = TA TB + RA RB +

2z(t∗A rA )(t∗B rB ) cos φ ,

(11)

and hT2 i = 1 − hT1 i. For the purposes of calculating the
current, the effect of dephasing may be thought of as an
average of the fully coherent expression (z = 1) over a
fluctuating extra contribution δϕ to the phase difference
φ. This average leads to the suppression of the interference term: hcos(φ + δϕ)i = z cos φ. Thus, no simple
distinction between genuine dephasing and phase averaging is possible at this level. The energy-integration in
(10) may result in an additional suppression, if there is
a difference in the path lengths of the two interferometer
arms (such that φ is energy-dependent).
As the phase difference between the two arms is varied (through a magnetic flux), the current I¯3 displays sinusoidal oscillations. The visibility of this interference
pattern, (Imax − Imin )/(Imax + Imin ), is proportional
to z. If energy averaging is not effective (δkδx  1
with
√ δk = max(kB T, eV )/ vF ), the visibility is equal to
2z TA RA TB RB /(TA TB + RA RB ).
The full current fluctuations ∆Iα at α 6= ϕ contain
both the usual fluctuations δIα , as well as those induced
by the additional fluctuations δfϕ of the distribution
function in terminal ϕ:



∆Iα = δIα −

e
|sαϕ |2 δIϕ
|sαϕ |2 δfϕ = δIα +
.
2π
1 − |sϕϕ |2

(12)

In particular, in our model we obtain
∆I3 = δI3 + RB δIϕ

(13)

for the full current fluctuations at the output port (terminal 3). In order to calculate the correlator of ∆I3 , we
have to know the correlators of δI3 and δIϕ (derived for
δfϕ = 0). According to the scattering theory of shot
noise17,18,24,25 , we have in general:

Pαβ ≡ 2

×(δαγ δαδ −

Z

dt δIα (t + t0 )δIβ (t0 ) =
Z
X
e2
2
dE
fγ (1 − fδ )
2π

γ,δ
∗
sαγ sαδ )(δβγ δβδ

−

s∗βδ sβγ ).

The overbar denotes a time-average over t0 , and the sums
run over all terminals, including the dephasing terminal,
where one has to put fϕ = f¯ϕ for the purposes of this
equation. Given these correlators, we can calculate the
noise power at the output port of the interferometer:

2S33 ≡ 2

Z

dt ∆I3 (t + t0 )∆I3 (t0 ) =

2
P33 + 2RB P3ϕ + RB
Pϕϕ .

For simplicity, we first focus on the special case of zero
temperature and no path-length difference (φ energyindependent). A bias voltage V is applied between terminal 1 and the other terminals: f1 (E) = θ(F +eV −E),
f2 (E) = f3 (E) = θ(F − E). ¿From (14), (15) and the
scattering matrix amplitudes, we find :


e3 V
2π

−1

S33 = hT1 i hT2 i − 2(1 − z 2)RA RB TA TB . (16)

Apparently, even for the fully incoherent case z = 0
the shot noise is not given by the simple expression
hT1 i hT2 i = hT1 i (1 − hT1 i), involving the product of averaged transmission probabilities (contrary to the result of
the simple classical model in the previous section). However, it is interesting to note that this expression would
indeed be found if one were to demand only the average
current into the dephasing terminal to vanish at each energy, while we have also taken into account the restriction
for the current fluctuations themselves. We will comment
further on this difference between the two models in the
next section. For the remainder of this section, we will
just discuss the consequences of Eqs. (15) and (16).
We note that the result is independent of the location
of the dephasing terminal: Indeed, placing the terminal
into the right arm amounts to the replacements φ 7→
−φ, tA ↔ rA , tB ↔ rB , which leave Eq. (16) invariant.
More generally, repeating the analysis with a dephasing
terminal in each arm gives exactly the same results as
before, with z = zL zR the product of the amplitudes
for coherent transmission in each arm. Physically this is
to be expected, since the effect of dephasing is only to
scramble the relative phase between the two paths.
In order to compare expression (16) to the result of a phase-averaged partition noise expression,
hT1 T2 i, we have to evaluate cos2 (φ + δφ) = (1 +
hcos(2(φ + δφ)i)/2. This is not simply related to z (which
has been defined via the average of cos(φ + δφ)). However, if we assume the phase fluctuations δφ to be Gaussian distributed, then hcos(2(φ + δφ)i = z 4 cos(2φ). In
that case we obtain:
2

hT1 T2 i − hT1 i hT2 i = hT1 i − T12
2

(14)

(15)

=

2

4RA RB TA TB (hcos φi − cos φ ) =

−2RA RB TA TB (1 − z 2 )(1 − z 2 cos(2φ))

(17)
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Figure 3: Normalized noise power S33 /(e3 V /2π) vs. transmission probability TB of second beamsplitter: Pure dephasing
(Eq. (16), thick line) compared with the phase-averaged partition noise expression hT1 T2 i (T2 = 1 − T1 ), the product of
phase-averaged probabilities, hT1 i hT2 i, and inelastic scattering (Eq. (18), symmetric case λ = 1/2). Different panels show
various values of the coherence parameter z, with a maximum
deviation between
√ pure dephasing and the phase averaged result at z = 1/ 2 ≈ 0.7. Other parameters: TA = 1/2, φ = 0.

We conclude that for zero visibility (z = 0) the shot
noise expression (16) is equal to hT1 T2 i, i.e. it has the
form expected from a simple phase average! Therefore,
according to the dephasing terminal approach, in this
particular limit a shot noise measurement could not be
used to distinguish phase averaging and genuine dephasing.
The coincidence between phase averaging and dephasing holds only at z = 0 (and, trivially, at z = 1). The
difference between hT1 T2 i and the expression given in Eq.
(16) is maximized if TA = TB = 1/2, φ = 0, π, 2π, . . . and
z 2 = 1/2. At these parameter values, the shot noise expression is 30% below the value of hT1 T2 i, see Fig. 3.
If phase averaging (against which the pure dephasing
case is to be compared) is actually due to energy integration over a phase factor exp(ikδx), then the distribution of δφ is not Gaussian but determined by voltage and temperature. In that case, we define a parameter z4 by hcos(2(φ + δφ))i = z4 cos(2φ). Here it is understood that hδφi = 0 (so φ corresponds to the average phase), and we have z4 = z 4 for the Gaussian
case. In Eq. (17) the factor z 2 in front of cos(2φ)
changes to (z4 − z 2 )/(z 2 − 1). For example, at T = 0
we have to average over a box distribution of width
δk = eV /( vF ), which yields z = sin(δkδx)/(δkδx)and
z4 = 2 sin(δkδx/2)/(δkδx) (compare the discussion in
Section II). Hence the phase-averaged shot noise hT1 T2 i
can still depend on the average phase φ even when the
visibility is zero (z = 0, z4 6= 0 for δkδx = (2n + 1)π), in
marked contrast to dephasing or Gaussian phase fluctuations.
If we use the extra terminal ϕ to model inelastic



relaxation16 instead of pure dephasing, its distribution
function fϕ is given by an equilibrium Fermi function of
appropriate chemical potential, and the only condition is
that the energy-integrated current must vanish at each
instant of time (voltage probe). This implies that the
chemical potential at this reservoir fluctuates. It turns
out that in the inelastic case it does matter whether relaxation is ascribed fully to one arm or to both arms. Therefore, we set up a model with reservoirs L, R with associated amplitudes zL , zR . As the current only depends
on zL zR ≡ z, we write zL = z λ and zR = z 1−λ , where
the parameter λ quantifies the asymmetry (λ = 1, 0 for
relaxation in the left/right arm and λ = 1/2 for the symmetric case). In evaluating the shot noise at terminal
3 we have to take into account the current correlations
between terminals 3, L and R, along the same lines as
before. The expression in Eq. (16) is replaced by:

hT1 i hT2 i−2RA TB RB (1+(1−2TA)z 2 −RA (z 2(1−λ) +z 2λ )),
(18)
for RA < TA (otherwise interchange RA , TA ). In the fully
asymmetric case (λ = 0, 1), we recover the result (16)
obtained for pure dephasing. However, in general the
shot noise may be reduced: For example, at λ = 1/2 and
TA = 1/2 Eq. (18) turns into hT1 i hT2 i − RB TB (1 − z),
which can become zero even in the limit of full relaxation
(z = 0), at TB = 1/2 (see Fig. 3).
For reference purposes, we also list the generalization
of the pure dephasing result, Eq. (16), to the case of
finite temperatures and energy-dependent transmission
probabilities:

2πS33
=
e2

Z

dE (δf hT1 i + f )(1 − (δf hT1 i + f ))

+f (1 − f ) − 2(1 − z 2 )RA RB TA TB δf 2 (19)
Here f = f2 = f3 is a thermally smeared Fermi function, and δf (E) = f (E − eV ) − f (E) is the difference of
distributions in reservoirs 1 and 2.
We emphasize that the dephasing strength only enters as a phenomenological parameter (z) into this model.
Furthermore, the model does not account for the spectrum of environmental fluctuations, which is important
to describe the cross-over between dephasing and phase
averaging (see Section VII).
In this section, we have used the scattering theory of
shot noise and the dephasing terminal approach to derive the shot noise for partially coherent transport in the
interferometer. The result is, in general, different from
a phase average of the usual partition noise formula as
well as from the result of the simple classical model. Dephasing and phase averaging become indistinguishable in
the limit of zero visibility (within this model), but that
a strong difference may be observed for other parameter
values.
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POSSIBLE SHORTCOMING OF THE
DEPHASING TERMINAL

In this section, we reexamine the difference between
the shot noise results obtained from the simple classical
model of Section IV and the dephasing terminal of the
previous section. We will take the classical model as our
starting point and investigate how the dephasing terminal approach would be implemented within the context of
this model. As we will see, the extra suppression of shot
noise in the dephasing terminal turns out to be artificial.
We specialize to the case of a symmetric first beam
splitter, TA = 1/2. We focus on beam splitter B, asking
for the shot noise at output port 3. The initial classical model (see Fig. 4a) leads to perfectly anticorrelated
streams of electrons in the left and right arm, entering
beam splitter B (see Fig. 4b). Thus we can obtain the
correct result by treating the inputs as two incoherent,
but completely anticorrelated sources. We have
(IL , IR ) = (1, 0) or (0, 1),

(21)

each with probability 1/2 in every timestep, and, independently,

Figure 4: (Color online) Interpretation of the dephasing terminal within the context of the simple classical model (a):
The shot-noise reduction due to anticorrelations (b) and the
Pauli principle (c) are kept at the same time in the dephasing
terminal approach (d).

VI.

ations of the distribution function in the dephasing terminal. This will be done on the basis of classical probability theory in this section (in contrast to the full scattering theory). Thus, the two inputs to beamsplitter B
are treated as uncorrelated sources of electrons (see Fig.
4c). At first sight we expect this to give different results
than before, possibly with an increased shot noise, as
the shot-noise supression due to anticorrelations is lifted.
According to this expectation, re-introducing the anticorrelations would subsequently yield the “correct” answer,
obtained in the previous paragraph. Nevertheless, this
will turn out not to be the case.
The complete model is now described by:

(20)

each with probability 1/2 (in every “elementary
timestep”). hI3 i and δI32 give the same result as before, Eq. (6).
We will now apply the dephasing terminal calculation
to this simplified model, see Fig. 4d.
As before, we will first calculate the “intrinsic” current
fluctuations δI, without taking into account the fluctu-

Iϕ,out = 1 or 0,

(22)

with probability 1/2, for the current entering the second
beam splitter from the left arm (i.e. after the dephasing
terminal).
The average current is 1/2, as before. However, we
have to be careful when calculating the shot noise, as
two electrons might impinge simultaneously onto B (ellipse in Fig. 4c), in which case a classical treatment would
permit both to go into the same output port (with probability TB RB in the present model), while in reality the
Pauli principle prevents them from doing so. We find the
following table of probabilities, each line occuring with
probability 1/4:
Iϕ,out IR P (I3 = 0) P (I3 = 1) P (I3 = 2)
0
1
0
1

0
0
1
1

1
TB
RB
0

0
RB
TB
1

0
0
0
0

¿From this, we obtain
δI32 =

1
,
4

(23)

which happens to be identical to the result calculated
for anticorrelated inputs. If, however, we had neglected
the Pauli principle, we would have obtained a larger shot
noise,
δI32 =

1 1
+ RB TB (no Pauli principle).
4 2

(24)

Therefore, the inclusion of the Pauli principle effects at
the second beamsplitter has suppressed the shot noise by
RB TB /2.
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However, according to the logic of the dephasing terminal approach, we still have to ensure the total current
into the dephasing terminal to vanish at each point in
time. We will proceed as for the full dephasing terminal
calculation of the preceding section, i.e. by postulating a
fluctuating distribution function at the terminal which is
chosen to compensate the fluctuations δIϕ that would be
present otherwise. Although this will effectively (and correctly) re-introduce some anti-correlations between the
two input currents to the beamsplitter B, the postulated
relation between “intrinsic” current fluctuations δIϕ and
corresponding distribution function fluctuations δfϕ (Eq.
(9)) constitutes an ad hoc semiclassical ansatz. This is in
contrast to the rest of the dephasing terminal approach,
which just represents a valid model of a particular scattering geometry, designed to mimick some aspects of dephasing.
As a consequence, the full current fluctuations in the
output port are changed (see Section V):
∆I3 = δI3 + RB δIϕ

(25)

We will now calculate ∆I32 by taking the correlators
hδI3 δIϕ i, δI32 and δIϕ2 from the underlying classical
model, instead of the quantum mechanical scattering theory of shot noise. Since δI32 = 1/4 alone would give
the correct result for the noise of the output current (see
above), it is already clear at this point that any further
contributions must lead to an artificial deviation from
the correct value.
The total current into the dephasing terminal is
Iϕ = IL − Iϕ,out ,

(26)

which is forced to be zero at all times. Using this relation,
as well as the probabilities prescribed above, we find
δIϕ2 = 1/2

(27)

hδI3 δIϕ i = −1/4.

(28)

and

is present, while the dephasing terminal approach keeps
both of them, thereby artificially reducing the shot noise.
In the full calculation of Section V, the problem can be
traced to the ansatz describing the fluctuations δfϕ of the
distribution function as a fluctuating c-number function
of time. In that way, the dephasing terminal approach is
no longer fully quantum-mechanical (in contrast to the
calculation of the current itself, where δfϕ is not needed).
Note that there is no problem if we assume the pathlength difference to be large (eV vF δx  1). We can
incorporate this within the simple classical model by assuming there to be a time-lag between the anticorrelated input streams to the second beam splitter. Going
through steps similar to those above, we find a shot-noise
reduction even in the initial classical model, to a value
given by Eq. (29), which is also the value found from the
full dephasing terminal calculation for that limit: In this
case, the anticorrelations and the effects due to the Pauli
principle are indeed present at the same time.
In this section we have demonstrated that the dephasing terminal ansatz fails to give the correct shot noise
result when applied to a model of classical, fully incoherent transmission through the interferometer. Moreover,
the (artificially reduced) shot noise result coincides with
the scattering theory calculation (Section V). Thus it is
likely that this calculation is affected by the same problem.
Strictly speaking, we have not proved the failure of
the dephasing terminal in shot noise calculations, as our
analysis rests on the heuristic classical model. This has
been necessary because we lack any simple quantummechanical version of the fully incoherent case, against
which we could compare the results of the dephasing terminal. Although we do consider a microscopic model in
the next section (and the results are compared in Sec.
VIII), it does not yield any further insight into the dephasing terminal ansatz, since it is unclear to which miscroscopic models the latter should correspond to (if any).
Nevertheless, the arguments of this section strongly suggest that the results of the dephasing terminal approach
to shot noise should be treated with caution, at least for
geometries similar to the two-way interferometer considered in this article.

VII.

This finally gives:
∆I32 =

1 1
− R B TB .
4 2

(29)

Therefore, the shot noise calculated with the help of
the dephasing terminal ansatz is reduced (at TB 6= 0, 1)
as compared to what is found for the original model:
The ansatz (25) serves to (correctly) take into account
anticorrelations between the two inputs to beamsplitter
B, but it does not throw out the Pauli principle effects
that determine the shot noise result for two uncorrelated sources. In reality, only one effect or the other

DEPHASING BY CLASSICAL NOISE

In this section, we will introduce a microscopic model
of dephasing, and derive the resulting current-noise. Its
major advantages are that it displays the dependence of
the results on the power spectrum of the environmental fluctuations (which cannot be done in any of the
phenomenological models discussed above), that it may
be related directly to microscopic fluctuations acting on
the electrons, and that it properly treats all quantummechanical effects regarding the motion of electrons. A
brief discussion of the model and some of the most important results has already been presented in Ref. 21.
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a complicated many-body problem, since in any case the
electrons would feel an effective interaction induced by
the coupling to the bath - even if we were to neglect
their intrinsic interaction. This problem is deferred to a
future analysis.
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Figure 5: (Color online) The Mach-Zehnder interferometer
setup analyzed in the text. In the case shown here, the fluctuations of the environment are fast compared with the temporal extent of the wave packet (determined by temperature
or voltage, see text). The probability density of the incoming
wave packet and its two outgoing parts is shown.

The major simplification of the present model consists
in the assumption that dephasing is induced by the fluctuations of a classical potential V (x, t), acting on the
electrons traversing the interferometer (see Fig. 5). This
may be used as an approximation to the effects of a
truly quantum-mechanical environment (e.g. phonons,
Nyquist noise from nearby gates). This approximation
has been employed in the past, e.g. in the theory of dephasing in weak localization26 . The idea is to use a classical fluctuating potential whose correlator is set equal to
the symmetrized part of the quantum-mechanical correlation function. The zero-point fluctuations are omitted,
since Golden-Rule type calculations suggest that their
effect is canceled by Pauli blocking in scattering. This
approximation can only be good as long as eV  T .
Otherwise, the scattering phase space will be determined
by the nonequilibrium Fermi functions in the arms of the
interferometer, and thus this simple prescription fails.
Our model may also describe nonequilibrium (classical) microwave noise impinging onto the interferometer
setup, or some thermal noise source behaving classically
(i.e. where ω < T for the relevant frequencies). Then the
treatment becomes exact, even for eV  T .
As the noise is classical, we face a single-particle problem, i.e. we can solve for the motion of individual electrons. The Fermi function will enter only in the end,
when expectation values (such as current correlators) are
calculated. The Pauli principle does not enter the calculation (except for, possibly, the potential correlator,
as explained above). In contrast, for the case of a fully
quantum-mechanical environment, we would end up with

A.

Electron field at output port

As the electrons travel along the interferometer arms,
they will accumulate a random phase due to the fluctuating potential. We neglect the additional effects of the
potential (acceleration and decceleration), by assuming
the electron’s velocity to remain constant (linearized dispersion relation). This should be a good approximation
for sufficiently large Fermi energy. The effects of a nonconstant velocity have been analysed in more detail in
Ref. 11, where Nyquist-noise induced dephasing of the
current in a Mach-Zehnder setup has been studied using the WKB approximation (see also Ref. 14). There,
the main contribution to the end-result for the dephasing
rate did not depend on these extra effects. We will also
assume backscattering to be absent (i.e. the electrons
are traveling along chiral edge channels, or the potential
is sufficiently smooth to prevent 2kF momentum transfers). Finally, as we are taking a model of non-interacting
electrons as our starting point, the electrons’ spin does
not play any important role (except for trivial factors),
and we assume the electrons to be spin-polarized in the
following.
The Heisenberg equation of motion for the electron
field Ψ̂ moving at constant velocity vF , under the action
of a fluctuating potential V (x, t), reads:
i∂t Ψ̂(x, t) = [F + vF (−i∂x − kF ) + V (x, t)] Ψ̂(x, t) .
(30)
Here x denotes the coordinate along the respective arm
of the interferometer. Note that the linear dispersion relation implies k0 − k = vF (k 0 − k) in the following. By
solving this equation of motion, and taking into account
the action of the beamsplitters, we arrive at the following expression for the electron field at some point in the
outgoing lead 3:

Ψ̂(x, τ ) =

Z

3
X
dk
√ e−ik τ
tα (k, τ )âα (k)esα ikF x (31)
2π
α=1

The field Ψ̂ is a linear superposition of the electron fields
âα emitted at the reservoirs α = 1, 2, 3. Note that for
the special case of chiral edge channels, we may choose to
concentrate only on the outgoing current, such that α = 3
would be absent from Eq. (31), and the corresponding
trivial contributions to subsequent equations would drop
out as well. We have t3 = 1, s1,2 = 1, s3 = −1, the reservoir operators obey â†α (k)âβ (k 0 ) = δαβ δ(k − k 0 )fα (k)
with fα the distribution function in reservoir α, and the
integration is over k > 0 only.
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In contrast to the usual case, the transmission amplitudes tα have become time-dependent. The amplitudes
t1 , t2 for an electron to go from terminal 1 or 2 to the
output terminal 3 depend on fluctuating time-dependent
phases ϕL,R :
t1 (k, τ ) = tA tB eiϕR (τ ) + rA rB eiϕL (τ ) ei(φ+kδx) (32)
t2 (k, τ ) = tA rB eiϕL (τ ) ei(φ+kδx) + rA tB eiϕR (τ ) (33)
Here tA/B and rA/B are energy-independent transmission
and reflection amplitudes at the two beamsplitters (with
t∗j rj = −tj rj∗ ), δx accounts for a possible path-length
difference between the interferometer arms, and φ denotes the Aharonov-Bohm phase due to the flux through
the interferometer. The electron accumulates fluctuating
phases while moving along the left or right arm:

ϕL,R (τ ) = −

Z

Z

B.

Current

In calculating the current (and its correlators), we have
to take both a quantum-mechanical expectation value, as
well as an average over the random process V (x, t), or
rather ϕL,R . This average will be denoted by h·iϕ in the
following. The output current,

0

dt0 V (xL,R (t0 ), τ + t0 ) ,

(34)

ˆ ) = eΨ̂† (x, τ ) −i∂x Ψ̂(x, τ ) + h.c.,
I(τ
2m

−τL,R

where τ is the time when the electron leaves the second
beamsplitter after traveling for a time τL,R along the interferometer arms, the trajectories being described by
xL,R (t).
In our model, the total traversal times τL,R enter only
at this point, determining the relation between the phase
correlator and the potential correlator. Note that we
have assumed the interaction to be confined to the interferometer region. This assumption is natural if the
fluctuations are due to gates or other localized disturbances. It is also sufficient for short-wavelength fluctuations. However, in the case of long-wavelength fluctuations, it means that the effect of these fluctuations on the
phase difference ϕL − ϕR will cancel out only in the case
of vanishing path-length-difference. Otherwise, cutting
off the potential V at the entry and exit beamsplitter
automatically introduces some remaining fluctuations in
ϕL − ϕ R .
In general, the form of the phase correlator can be related to the potential correlator hV V i, using Eq. (34).
For abbreviation, we set VL (t1 , τ ) ≡ V (xL (t1 ), τ +
t1 )θ(−t1 )θ(tR1 + τL ) and likewise for VR . Then we have
ϕL (τ ) = − dt0 VL (t0 , τ + t0 ) and thus:
hδϕ(τ )δϕ(0)i =

microscopic environment under consideration (cf. Ref. 11
for a calculation of spatially homogeneous potential fluctuations in the interferometer arms, due to Nyquist
noise), as well as the geometry. A discussion of the potential and phase fluctuations for realistic microscopic
dephasing mechanisms will be provided in a future work.
Here we take the position that the phase correlator is
given, and we want to obtain the consequences for the
current noise.

dt1 dt2 h(VL (t1 , τ ) − VR (t1 , τ )) ×
(VL (t2 , 0) − VR (t2 , 0))i .(35)

The terms of the type hVL VL i and hVR VR i describe phase
fluctuations within the two arms separately, while the
cross-terms hVL VR i will serve to suppress dephasing in
the case of long-wavelength fluctuations. In a diagrammatic treatment of dephasing (e.g. in weak localization),
the cross-terms would correspond to “vertex contributions”, whereas the former relate to “self-energy terms”.
In general, the potential correlator hV V iqω and the
corresponding phase correlator (Eq. 35) depend on the

(36)

follows from (31). We will set x = 0:
#†
"
Z
X
ev
F
0
i(
−
)τ
0
k
ˆ ) =
k
tα (k, τ )âα (k)
I(τ
dkdk e
4π
α
X
sβ tβ (k 0 , τ )âβ (k 0 ) + h.c.
(37)
×
β

Therefore, we have:
I =

DD EE
=
(38)
Iˆ
ϕ
(
)
Z
X
evF
dk −f3 (k) +
fα (k) hTα (k)iϕ .
2π
α=1,2

The current depends on the phase-averages of transmission probabilities T1 = |t1 |2 and T2 = 1 − T1 :
∗

hT1 iϕ = TA TB + RA RB + 2z (rA rB ) tA tB cos(φ + kδx),
(39)
The interference term is suppressed by the factor z ≡
eiδϕ ϕ , where δϕ = ϕL − ϕR . In writing down this expression, we have assumed V (x, t) and thus δϕ to be distributed symmetrically around 0, such that hsin(δϕ)i ϕ =
0. For the special case of Gaussian statistics (which we
will assume below), we have z = exp(− δϕ2 /2). The
factor z decreases the visibility of the interference pattern
observed in I(φ), and it has been defined to correspond
precisely to the phenomenological z introduced for the
dephasing terminal model (see Eq. (7)). An additional
suppression of the interference term may be brought
about by the k-integration in Eq. (38), if T δx/vF > 1 or
eV δx/vF > 1. With respect to the current, it is indistinguishable from dephasing, which provides the motivation
of looking at shot noise in this context (see Section III).
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We note that the current itself is independent of the
spectrum of environmental fluctuations, as it only depends on the probability distribution of δϕ at any given
moment (and not its time-dependent correlator). This
will change when we look at shot noise. It would also be
different for the case of a quantum-mechanical environment, where the “effective” spread of δϕ would depend
on the part of the bath spectrum that is still active in
dephasing, despite Pauli blocking.
C.

the dephasing potential. The form of this modification depends on whether the fluctuations of the
environment are “fast” or “slow” as compared to
the time-scales set by voltage and temperature.
The full current noise power S can be split into two parts,
by rewriting the irreducible current correlator:

S=
Z

Noise power: General formula

Before we turn to the calculation of the (zerofrequency) current noise power S, we briefly list the main
ingredients that we will find below:
• A “classical current noise” Scl , which is due to the
time-dependent fluctuations of the interferometer’s
conductance. The resulting current fluctuations are
linear in the applied voltage, such that the corresponding noise power is quadratic in V .
• For any fixed external noise power, there is a finite
current noise contribution SV=0 even at V = 0
and T = 0, due to the nonequilibrium radiation
impinging on the system.
• The remainder of the full current noise contains the
usual quantum-mechanical partition noise T (1 −
T ), which will be modified due to the presence of

Kαβ (τ ) ≡ t∗α (k, τ )tβ (k 0 , τ )tα (k, 0)t∗β (k 0 , 0)

ϕ

,

(42)

for α, β = 1, 2.
D.

Limiting cases

In order to understand the resulting expressions, we
will now derive two limiting forms, for a “fast” and a
“slow” environment. We will assume that the phase correlator hδϕ(τ )δϕ(0)i decays on some time-scale τc , the
correlation time of the environment. Note that even
for a non-exponential decay we can still define a typical
scale τc , e.g. by demanding hδϕ(τc )δϕ(0)i = δϕ2 /2.
Now this time has to be compared against the other

dτ
Z

dτ
DD
dτ

DD

ˆ )I(0)
ˆ
I(τ

ˆ )
I(τ

EE

ϕ

−

DD

ˆ
I(0)

EE2

DD
EE
ED
ˆ
ˆ
− I(0)
I(0)
ϕ

ϕ
EE2

ϕ

=
+

EE
ED
E D
DD
ˆ
ˆ ) I(0)
ˆ )Iˆ(0) − I(τ
I(τ

(40)

ϕ

The first integral on the r.h.s. describes shot noise due to
the temporal fluctuations of the conductance,
i.e. fluctuD
E
ˆ ) depending on
ations of a classical current I(τ ) = I(τ
time-dependent transmission probabilities. We denote
its noise power as Scl . It rises quadratically with the
total current, as is known from 1/f -noise in mesoscopic
conductors27 .
We now focus on the second integral, which will contain
the modified partition noise (among other contributions,
such as a finite “Nyquist noise” SV =0 ). It is evaluated
by inserting (31) and applying Wick’s theorem28 (similar
formulas appear in Ref. 29):

DD
E D
ED
EE
 ev 2 Z
F
ˆ )Iˆ(0) − I(τ
ˆ ) I(0)
ˆ
dkdk 0
I(τ
=
2π
ϕ

Here Kαβ is a correlator of four transmission amplitudes.
We have K33 = 1, K3α = Kα3 = 0, and

Z

X

α,β=1,2,3

fα (k)(1 − fβ (k 0 )) Kαβ (τ )ei(k −k0 )τ .

(41)

timescales, (eV )−1 and T −1 . These scales enter the current noise formula (41) in the form of the Fermi functions,
and they determine the τ -range of the oscillating exponential factor, after integration over k and k 0 . We will
assume for the moment that the k-dependence of Kαβ
itself is unimportant (i.e. δx is sufficiently small), see
below for a discussion of other cases.
For eV τc  1 and T τc  1 (“fast environment”), the
major contribution of the integration comes from |τ | 
τc , where Kαβ factorizes into
Kαβ (τ ) ≈ Kαβ (∞) ≡ ht∗α (k, 0)tβ (k 0 , 0)iϕ

2

.

(43)

Adopting this limiting value for Kαβ at all times τ yields
the noise power
Sfast
=
2
e vF /2π

Z

dk

X

α,β=1,2

fα (1 − fβ ) ht∗α tβ iϕ

2

+

12

2

(44)

z=0.6

2

where we have set fα,β = fα,β (k) and tα,β = tα,β (k, 0).
Note that this form of the shot noise for a “fast” environment is not equivalent to an expression of the kind
hT iϕ (1 − hT iϕ ), which we have obtained from a simple
classical model (see the discussion in Section IV). The
difference between those two formulas can be evaluated
in general, and we find:

S/(e /(2πτc))

f3 (1 − f3 ),

ht∗1 t2 iϕ

2

− hT1 iϕ (1 − hT1 iϕ ) = (z 2 − 1)RB TB .

(45)

This means the partition noise for the “fast” case is usually reduced below the value found from the simple expression. Nevertheless, we will discuss a certain special
case where the simple formula is indeed recovered, see
below.
We can always write the full noise power as
S = Sfast + Sfluct + Scl ,

(46)

where Sfluct denotes the remainder besides Sfast and
Scl , i.e. Sfluct is given by Eq. (41)) with Kαβ (τ ) −
Kαβ (∞) inserted in place of Kαβ (τ ). It yields a contribution to the Nyquist noise SV =0 (see below), but
apart from that it becomes important only at larger V, T ,
where it will serve to produce the crossover to the case
of the “slow” environment, which we discuss now.
In the other limiting case the τ -integration is dominated by |τ |  τc (“slow environment”), and we can use
Kαβ (τ ) ≈ Kαβ (0), which yields
Sslow
=
2
e vF /2π

Z

dk h(f1 T1 + f2 T2 )(1 − (f1 T1 + f2 T2 ))iϕ +
f3 (1 − f3 ),

(47)

i.e. the phase-average of the usual shot noise expression (at T = 0 the expression in brackets reduces to
hT1 (1 − T1 )iϕ ).
E.

Evaluation of shot noise contributions in general

For a phase difference δϕ described by a Gaussian
random process of zero mean and prescribed correlator
hδϕ(τ )δϕ(0)i, the correlators Kαβ of transmission amplitudes (Eq. (42)) can be evaluated in general. This is done
by inserting the transmission amplitudes given above,
and evaluating the average of the exponential phase factors. We thus obtain an exact expression which contains
arbitrary orders of interaction with the field (i.e. arbitrary powers of the phase correlator).
The following expressions describe the time-dependent
deviation of the transmission amplitude correlators
∞
Kαβ (τ ) from their large-time limiting values Kαβ
(entering Sfast , Eq. (44)) . They follow directly from the

z=0.05
1

0
0

z=0.05

z=1

z=1

eVτc
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Figure 6: (Color online) Full current noise S as a function
of eV τc , for increasing strength of dephasing (z = 1 . . . 0.05),
according to Eq. (55). Dephasing always increases the current
noise beyond the value obtained for the ideal case z = 1.
The offset SV =0 is given in Eq. (60), the slope near V =
0 is described by Sfast , Eq. (44), and at higher voltages
the dependence on V is quadratic, due to Scl . When Scl is
subtracted, the slope at large eV τc is determined by Sslow
(i.e. hT1 (1 − T1 )iϕ ). Parameters: T = 0, δx = 0, φ = π/2,
TA = 1/2, TB = 0.3.

definition of Kαβ (τ ), Eq. (42), using the transmission
amplitudes in Eqs. (32) and (33), as well as the abbreviations g(τ ) = exp hδϕ(τ )δϕ(0)i and z = exp(− δϕ2 /2):
∞
∞
K12 (τ ) − K12
= K21 (τ ) − K21
=
 −1

0
2
−2RA TA RB TB cos(2φ + δx(k + k ))z g (τ ) − 1

2
+RB TB (RA
+ TA2 )z 2 [g(τ ) − 1](48)

∞
∞
K11 (τ ) − K11
= K22 (τ ) − K22
=
2RA TA RB TB z 2

 −1

0
× cos(2φ + δx(k + k )) g (τ ) − 1 + [g(τ ) − 1] (49)

Here RA = 1 − TA , and we have repeatedly used the
fact that there is a phase shift of ±π/2 between transmission and reflection amplitudes at each beamsplitter
∗
(rA t∗A = −rA
tA ).
Both Sfluct and Scl depend on the frequency spectrum of the environment via the exponential g(τ ) of the
phase correlator appearing in Kαβ (in contrast, Sfast
and Sslow are expressed in terms of z = exp(− δϕ2 /2)
only). The resulting noise power can be written in terms
of the following Fourier transforms (with n = ±1):
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ĝn (ω) ≡

Z

dτ eiωτ [enhδϕ(τ )δϕ(0)i − 1].

(50)

Note that the first term in brackets approaches 1 for
|τ | → ∞, as the phase correlations decay. These
functions are similar to those appearing in the socalled “P(E)-theory” of tunneling in a dissipative
environment30,31 as well as in the “independent boson
model”.
Using the explicit forms of the correlators Kαβ , we find
Sfluct to be equal to:
Sfluct =

 ev 2 Z

(Eq. (51)). In the remainder, the term stemming from
f1 (1 − f10 ) is seen not to contribute (employing symmetry
in k and k 0 ), and the terms from f1 (1−f20 ) and f2 (1−f10 )
lead to the integral
Z

dkdk 0 (δf (1 − f 0 ) − f δf 0 ) ĝn (vF (k 0 − k))
=

2 cos(2φ + δx(k + k 0 ))RA TA z 2 ĝ− (vF (k 0 − k)) +

[f1 (1 − f10 ) + f2 (1 − f20 )]
×2z RA TA RB TB {ĝ+ (vF (k 0 − k))+
cos(2φ + δx(k + k 0 ))ĝ− (vF (k 0 − k))}(51)
2

In a similar fashion, we can evaluate Scl . This term
does not display two different limiting regimes. The reason is that it involves only correlators of time-dependent
transmission probabilities, but no oscillating factor depending on the energy difference. Therefore, the result does not depend on the relation between τc and
eV, T . In general, this term is determined by the zerofrequency correlators of the exponential phase factors
contained in the transmission probabilities. We find
(with δf ≡ f1 − f2 ):
Z
 e 2
vF2
dkdk 0 δf δf 0
2π
× [ĝ− (0) cos(2φ + δx(k + k 0 )) + ĝ+ (0) cos(δx(k − k 0 ))](52)
.
Scl = 2z 2 RA RB TA TB

F.

Current noise at T = 0

It still remains to evaluate the k-integrals contained
in the expressions (51),(52) for Sfluct and Scl . In this
section, we will present and discuss explicit expressions
for the case T = 0, δxeV /vF  1, i.e. the case of pure
dephasing without any thermal smearing. According to
the discussion at the beginning of the present section, analyzing the zero-temperature limit invariably means we
adopt the picture of real classical noise impinging onto
the system (as opposed to classical noise being an approximation for a quantum bath, which would require
eV  T for selfconsistency).
We assume the electrons to be injected from reservoir
1, i.e. f2 (k) = f3 (k) = f (k) = θ(kF − k) and f1 (k) =
θ(kF + ∆k − k) ≡ f (k) + δf (k), with ∆k = eV /vF .
As we are interested in the shot noise, we subtract
the equilibrium part Sfluct (V = 0) ≡ SV =0 from Sfluct

(53)

where In (V ) also depends on temperature T . In particular, at T = 0, we find In to be:

F

dkdk 0 [f1 (1 − f20 ) + f2 (1 − f10 )]
2π
 2
×RB TB (RA
+ TA2 )z 2 ĝ+ (vF (k 0 − k))−

2eV
In (V ),
vF2

In (V ) ≡

Z

eV

dω (1 −

0

ω
)ĝλ (ω)
eV

(54)

Collecting the contributions from S = Scl +Sfast +Sfluct ,
the shot noise is then given by:
eV 2
S − SV =0
=
z RA RB TA TB (cos(2φ̃)ĝ− (0) + ĝ+ (0))
3
e V /2π
π
+ ht∗1 t2 iϕ

2

n
1 2
z RB TB −2 cos(2φ̃)RA TA I− (V )
π
2
+(RA
+ TA2 ) I+ (V )
(55)

+

Here we have defined the average phase as φ̃ = φ + kF δx.
The first line of Eq. (55) corresponds to Scl , the second to Sfast , and the rest to Sfluct − SV =0 . The current
noise displayed in Eq. (55) is a function of eV τc , z, TA ,
TB , φ, and of the detailed shape of the environment correlator contained in In (V ) and ĝn (0). The dependence
of S − SV =0 on voltage is explicit in the first two lines,
stemming from Scl and Sfast (quadratic and linear, respectively). Only the contribution from Sfluct (last two
lines) depends on voltage in a more complicated way, via
the environment spectrum.
We can introduce the dependence on the environment
correlation time τc by assuming the phase-correlator to
be given as hδϕ(τ )δϕ(0)i = C(τ /τc ). Then In (V ) is a
function of eV τc only.
We may confirm directly that Sfast dominates at low
voltages, since Scl is quadratic in voltage and the integrals I± (V ) in Sfluct vanish. At large eV τc  1 we can
use the sum-rule


In (V ) → π z −2n − 1

(56)

to combine the shot noise contributions in the last three
lines of Eq. (55), i.e. Sfast + Sfluct − SV=0 , yielding:
ht∗1 t2 iϕ

2

− 2 cos(2φ̃)RA TA RB TB z 2 (z 2 − 1)

2
+RB TB (RA
+ TA2 ) (1 − z 2 ) = hT1 (1 − T1 )iϕ

(57)
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Figure 7: (Color online) Normalized shot noise (S −
SV =0 )/(e3 V /2π) of the Mach-Zehnder interferometer, as a
function of the transmission of the second beamsplitter, TB
(horizontal axis), and the phase difference φ (into the plane),
for the case of small but finite visibility, z = 1/e, at T =
δx = 0 and TA = 1/2. The different plots show the succession from a “fast” environment to a “slow” one, by increasing
the voltage or the correlation time (top left to bottom right:
eV τc = 0, 5, 7, 10). Note the change of plot range on the vertical axis. At TB = 0, 1, the normalized shot noise remains
fixed at 1/4.

This is precisely the result expected from the limit of a
“slow” bath, i.e. from Sslow , compare Eq. (47). At intermediate voltages, the shot noise interpolates smoothly
between the extremes described by Sfast and Sslow .
To produce the plots discussed in the following, we
have assumed 50% transparency of the first beamsplitter
(TA = 1/2) and a simple Gaussian form for the phase
correlator,
2

hδϕ(τ )δϕ(0)i = δϕ2 e−(τ /τc) .

(58)

In the case of TA = 1/2, the normalized shot noise
is given explicitly as a function of the parameters
z, eV τc , TB , φ̃ by the following formula:
S − SV =0
z2
=
(eV τc )RB TB (cos(2φ̃) g̃ˆ− (0) + g̃ˆ+ (0)) +
e3 V /2π
4π
i
1h
+ (TB − RB )2 + 4z 2 RB TB sin2 φ̃
4
z2
+ RB TB [I˜+ (V τc ) − cos(2φ̃)I˜− (V τc )](59)
.
2π
Here the functions g̃ˆn and I˜n are evaluated by setting
τc = 1 in the phase correlator C(τ /τc ). They have to
be evaluated by numerical integration (for a given shape
C(τ /τc ) of the phase correlator). This equation has been
derived for the case eV > 0, but it may be verified that
S is symmetric in V .

e2 2
z R B TB
2π 2

Z

∞

dω ωĝ+ (ω) .

(60)

0

The Nyquist noise scales like 1/τc . The dependence on z
is not explicit, as the integral depends on z itself (scaling
like 1/z 2 for small but not ultrasmall z). In deriving
the Nyquist noise from Sfluct , we have only kept the
contribution from states near the Fermi edge, assuming
all states for k ∈ (−∞, kF ) to be filled.
Fig. 6 shows the evolution of S(V ) with increasing
dephasing strength (i.e. increasing δϕ2 , decreasing z).
Note that the shot noise itself (i.e. the deviation from
V = 0) may even vanish due to the presence of the fluctuating potential, in the limit of a “fast” environment,
V τc → 0: According to Eq. (44), Sfast is determined by
2
ht∗1 t2 iϕ at T = 0. In the limit of vanishing visibility,

z → 0, this expression is zero for TB = 1/2, independent
of the value of TA . That may be verified explicitly, but
it can also be deduced from Eq. (45), by noting that
hT1 iϕ (1 − hT1 iϕ ) = 1/4 for z = 0, TB = 1/2. However,
although Sfast can become zero, the total current noise
S does not vanish, due to the Nyquist contribution (and
the classical term Scl at higher voltages). Indeed the
figure illustrates that the fluctuating potential V (x, t) always leads to an increase in current noise (as expected).
Nevertheless, the dependence on dephasing strength may
be non-monotonic, as seen in Fig. 6, at large voltages V .
The dependence on eV τc is also illustrated in Fig. 7,
where the dependence of the shot noise on the parameters
TB and φ is displayed for different values of eV τc (see also
the figures in Ref. 21 showing the crossover between Sfast
and Sslow ).
2
Note that the behaviour of Sfast , given by ht∗1 t2 iϕ ,
is quite different from that of hT1 iϕ (1 − hT1 iϕ ), which
is the form derived from the simple classical model of
Section IV. Indeed, the latter expression does not vanish
at intermediate values of TA , TB (6= 0, 1), and for z = 0
it becomes independent of TB if TA = 1/2 (while the first
expression becomes independent of TA if TB = 1/2).
G.

Other cases: Finite temperatures and finite
path-length difference

The results of the previous section have been derived
for the case T = 0, δx = 0. We will now discuss the
changes introduced by relaxing these assumptions.
Finite temperatures: If we calculate the current noise
for a finite temperature T , but still at δx = 0, the different components of S = Scl + Sfast + Sfluct show the
following behaviour: The contrast of the current I(φ)
is unaffected by the thermal smearing of the Fermi surfaces (since δx = 0), and for the same reason the “classical” part Scl remains the same (apart from possible
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changes related to a temperature-dependence of the environmental power spectrum). In Sfast from Eq. (44),
the finite-temperature Fermi functions lead to Nyquist
noise contributions (which have been absent in Sfast for
T = 0):
Sfast
= T
e2 /2π



hT1 iϕ

2

2



+ hT2 iϕ + 1 +


2
βeV
∗
+eV ht1 t2 iϕ coth
2

(61)

In Sfluct of Eq. (51) the k, k 0 -integral over products
of Fermi functions and environment power spectra ĝλ are
altered as well. In the particular limit of T τc → ∞ (regardless of V ), the Fermi functions can be approximated
by a constant on the scale over which the power spectrum
ĝλ changes. Then the integrals over k 0 − k can be carried
out easily, leading to sum rules. Combining the terms
from Sfast and Sfluct in this limit leads to the expression Sslow (Eq. (47)). We conclude that Sslow is indeed
the appropriate expression for 1/τc  max(T, eV ).
Finite path-length difference: If a finite path-length
difference δx is introduced, we have to consider four timescales altogether: τc , (eV )−1 , T −1 and the new time-scale
δx/vF . We will not give an exhaustive discussion of all
possible cases for the order of these times. In the limiting
case of very small δx, i.e. δx/vF  τc , (eV )−1 , T −1 , the
previous expressions remain unchanged. Even if δx/vF
becomes larger than τc (but remains much smaller than
(eV )−1 , T −1 ), it may still be shown that this does not
affect the results for the current noise.
We now consider the more interesting opposite limit,
where the averaging over wave-number k is so important
that it destroys completely the interference pattern, i.e.
δx/vF  (eV )−1 or δx/vF  T −1 . In that case, the interference term in the average current is completely suppressed, such that the additional dephasing effect of the
environment is unimportant for the current. In addition,
the “classical” current noise part Scl now vanishes, since
it depends on the temporal fluctuation
of the interference
E
D
ˆ
term in the average current I(τ ) , which is already absent due to thermal averaging. The other two parts Sfast
and Sfluct of the current noise S are changed as well, but
they do not become equal to the results obtained without
dephasing.
We illustrate those changes in the zero-temperature
case analyzed in section VII F. The shot noise in Eq.
(59) is changed in the following ways: The first line (due
to Scl ) is absent, and the second and third lines (due
to Sfast and Sfluct ) are averaged over the phase φ, such
that the average of cos(2φ) vanishes and that of sin2 φ is
equal to 1/2. However, the shot noise still depends on z
and on the bath spectrum (via I+ ):
S − SV =0
= TA RA (TB − RB )2 +
e3 V /2π

2
z 2 TB RB (TA2 + RA
)[1 +

I+ (V )
] . (62)
π

For a “fast” environment, we have I+ (V ) → 0, such that
Eq. (62) becomes TA RA (TB − RB )2 in the fully incoherent case, z → 0. In the opposite limit of large voltages
 (“slow environment”, eV τc  1), we have I+ (V ) →
π z −2 − 1 , which makes Eq. (62) independent of z.
The resulting expression is then equivalent to the one
obtained by pure k-averaging, in the absence of dephasing. In conclusion, shot noise may indeed help to reveal
the presence or absence of dephasing even when thermal
averaging is so strong that interference is already completely suppressed, but not in the limit of a “slow” bath.
The Nyquist noise is not affected by δx, since it results
from setting f1 = f2 in Eq. (51), whence the cos-terms
depending on δx combine to zero.
Beam of electrons: It is instructive to notice that even
the dephasing model considered here can lead to the simple form hT1 iϕ (1 − hT1 iϕ ) of the shot-noise (which holds
for a classical model in the fully incoherent limit, see
Section IV). This is true provided the transport situation is different from the usual one treated above. Instead of having all the reservoirs filled up to some Fermi
level and then applying a voltage between them, we consider a situation where a (nearly mono-energetic) beam
of electrons is injected from reservoir 1, with wavenumbers in an interval ∆k, and all the other reservoirs are
empty: f1 (k) = θ(k ∈ [kF , kF + ∆k] and f2 = f3 = 0. In
this situation, there is no “Nyquist noise” (S vanishes for
∆k = 0, when there are no electrons at all). In the limit
of small ∆k (“fast environment”, with ∆kvF τc  1), we
obtain for the shot noise (at T = 0):

S − Scl ≈

e2 vF
∆k hT1 iϕ (1 − hT1 iϕ ) .
2π

(63)

Here we assumed δx = 0 as above. This formula follows
by evaluating Sfast + Sfluct in the limit of small ∆k and
using the sum rule (56). In contrast to the evaluation of
Sfluct in the transport situation considered above, the integral over k 0 now runs over all states and is not restricted
to a small transport window, which is essential to obtain
(63). We conclude that this is yet another example32 of a
situation where the correct result for the shot noise cannot be obtained by taking into account only the “surplus”
electrons in the transport window of size eV , even though
this approach does yield the correct current. The presence of the filled Fermi seas is not merely important for
the Nyquist noise contribution but for the shot noise as
well. In the other limiting case, ∆kvF τc  1, we obtain
the result expected from Sslow , i.e. with hT1 (1 − T1 )iϕ
in Eq. (63), in addition to the “classical” contribution
Scl with its quadratic dependence on ∆k.

(S − SV =0)/(e3 V /2π)
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Figure 8: (Color online) Shot noise as a function of the transmission of the second beamsplitter, for the fully incoherent
case (and TA = 1/2): Different models and parameter regimes
lead to different curves (see text).

VIII.

COMPARISON OF DIFFERENT MODELS
AND REGIMES

In this section, we compare the results obtained for
the different models and regimes. We restrict ourselves
to the fully incoherent limit (z = 0), at T = 0 and
TA = 1/2. We emphasize that we do not want to imply that one should expect them to agree in any limit.
The phenomenological classical model is a heuristic construction that is known to give the correct result for a
single barrier, and even for the dephasing terminal it is
not completely clear to which microscopic model it is to
correspond. In addition, we remind the reader that the
results obtained for dephasing by classical noise are not
expected to coincide with those obtained for a quantummechanical bath in the limit eV  T considered here.
We have to distinguish three possible results for the
modified partition noise term, entering the shot-noise S−
SV =0 (depicted in Fig. 8):

(a) hT1 iϕ (1 − hT1 iϕ ) = 1/4,

2
(b) hT1 (1 − T1 )iϕ = (TB2 + RB
)/4,

(c) ht∗1 t2 iϕ

2

= (TB − RB )2 /4

δx  vF /eV

(64)

The corresponding values for the different models and
regimes are indicated in the following table. Note that
these expressions only refer to the contribution to S
which is linear in voltage. For the model of dephasing
by classical noise (last three entries), one still has to add
the constant background SV =0 , as well as Scl (growing
quadratically with voltage).

δx  vF /eV
b
b
b
c
b
a

For the parameters considered here, thermal averaging
(δx  vF /eV ) only affects the results obtained without
dephasing or from the simple classical model of Section
IV. In any case, the results for the “slow classical noise”
(Eq. (47)) and the dephasing terminal (Eq. (16)) both
coincide with the result (b) hT1 (1 − T1 )iϕ obtained for
complete thermal averaging (which is also obtained from
the simple classical model if thermal averaging is present
on top of dephasing). It might still be possible to deduce
the presence of dephasing in the case of classical noise,
both from the presence SV =0 and Scl , although we have
to note that Scl vanishes if both dephasing and thermal
averaging are effective. The form of the shot noise Sfast
(c) obtained in the limit of a “fast” environment (Eq.
(44)) is not found in any of the other models. Finally, the
result (a) hT1 iϕ (1 − hT1 iϕ ) conjectured from the simple
classical model (in the absence of thermal averaging) can
also be found for dephasing by classical noise, provided
we consider a special transport situation, with a “narrow
beam of electrons” (Eq. (63)).
IX.

CONCLUSIONS

We have analyzed the effect of a fluctuating environment on the shot noise in an electronic Mach-Zehnder
interferometer. The environment has been modeled as
a classical noise field which leads to a fluctuating phase
difference for electrons traversing the interferometer and
thereby suppresses the interference term. For comparison, we have also discussed a simple classial ansatz and
the phenomenological dephasing terminal approach.
The effect of dephasing on the average current is always the same, and qualitatively indistinguishable from
“thermal averaging” (averaging over wave number in the
presence of a path-length difference). However, important differences appear in the shot noise results. While
the power spectrum of the phase fluctuations does not
enter the current for the case of a classical fluctuating
potential considered here, the current noise strongly depends on the fluctuation spectrum, thus offering more
information on the environment. There are three main
contributions to the current noise: some “classical” current noise (rising like V 2 ), due to the fluctuations of the
conductance, some “Nyquist noise” background, and finally the usual partition noise, modified due to the presence of the environment. The partition noise contribution depends on a two-time correlator of four transmission amplitudes and is sensitive to the power spectrum.
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We have distinguished the limits of a “slow” and a “fast”
environment, depending on whether the inverse correlation time of fluctuations 1/τc is much smaller or much
larger than the maximum of voltage eV and temperature
T . We have found that the usual result T1 (1 − T1 ) for
the partition noise (at given transmission probability T1 )
may be replaced by one of three limiting forms, depending on the correlation time τc , the transport situation
and the dephasing model: (i) For a “slow” environment,
the usual result is averaged over the phase fluctuations,
hT1 (1 − T1 )iϕ , which is similar to the effect of thermal
averaging and identical to the result provided by the dephasing terminal (although there may be problems with
the dephasing terminal, see Section V). (ii) For a “fast”
environment applied to a nearly mono-energetic beam of
electrons, we obtain hT1 iϕ (1 − hT1 iϕ ), which is also the
result derived from a simple classical model. (iii) For a
“fast” environment applied to the usual transport situation (with the chemical potential of one of the input

becomes nonzero.
We have discussed the crossover between “slow” and
“fast” environment, the dependence of the shot noise on
the phase difference between the paths and on the beam
splitter transparency, and the influence of finite temperatures and finite path-length difference (thermal averaging).
The most important tasks that remain to be tackled in
future works are the consideration of finite frequency shot
noise, the derivation of realistic microscopic power spectra as input for this calculation, and, in particular, the
inclusion of a truly quantum-mechanical environment,
which will be relevant particularly for the case of voltages larger than temperature.

X.

ACKNOWLEDGMENTS

2

reservoirs increased by eV ), we obtain ht∗1 t2 iϕ , where
t1,2 are the amplitudes of reaching the output port from
inputs 1 and 2 (|t1 |2 = 1 − |t2 |2 = T1 ). In this case, the
shot noise at T = 0 can even be suppressed to zero by
the fluctuating environment for appropriate parameter
combinations, while on the other hand the Nyquist noise

1

2

3

4

5

6

7

8

9

10
11
12

13

14

15

16
17

P. Mohanty, E. M. Q. Jariwala, and R. A. Webb, Phys.
Rev. Lett. 78, 3366 (1997).
E. Buks, R. Schuster, M. Heiblum, D. Mahalu, and H.
Shtrikman, Nature 391, 871 (1998).
D. P. Pivin, A. Andresen, J. P. Bird, and D. K. Ferry,
Phys. Rev. Lett. 82, 4687 (1999).
A. E. Hansen, A. Kristensen, S. Pedersen, C. B. Sørensen,
and P. E. Lindelof, Phys. Rev. B 64, 045327 (2001).
D. Natelson, R. L. Willett, K. W. West, and L. N. Pfeiffer,
Phys. Rev. Lett. 86, 1821 (2001).
K. Kobayashi, H. Aikawa, S. Katsumoto, and Y. Iye, J.
Phys. Soc. Jpn. 71, L2094 (2002).
F. Pierre and N. O. Birge, Phys. Rev. Lett. 89, 206804
(2002).
Y. Ji, Y. Chung, D. Sprinzak, M. Heiblum, D. Mahalu,
and H. Shtrikman, Nature 422, 415 (2003).
I. L. Aleiner, N. S. Wingreen, and Y. Meir, Phys. Rev.
Lett. 79, 3740 (1997).
Y. Levinson, Europhys. Lett. 39, 299 (1997).
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W. Belzig, M. Büttiker, A. A. Clerk, J. C. Egues, and
E. V. Sukhorukov are gratefully acknowledged. This
work has been supported by the Swiss NSF and the
NCCR Nanoscience, as well as DFG grant MA 2611/1-1.

18

19

20

21

22
23
24
25

26

27

28

29
30

31

scopic Electron Transport, ed. by L. P. Kouwenhoven et
al., NATO ASI Series Vol. 345 (Kluwer Academic, Dordrecht, 1997).
M.J.M. de Jong and C. W. J. Beenakker, Physica A 230,
219 (1996).
S. A. van Langen and M. Büttiker, Phys. Rev. B 56, R1680
(1997).
V. A. Khlus, Zh. Eksp. Teor. Fiz. 93, 2179 (1987); G. B.
Lesovik, JETP Lett. 49, 592 (1989).
F. Marquardt and C. Bruder, Phys. Rev. Lett. 92, 056805
(2004).
A. A. Clerk and A. D. Stone, cond-mat/0401103 (2004).
M. Heiblum, private communication.
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